
Abstract Steady state longitudinal distributions of (a) the
density of channels conducting an inward transmembrane
current of cations, (b) the submembrane concentrations of
these cations, and (c) the resting membrane potential, were
investigated in a phenomenological model of a cylinder-
shaped dendritic process of the neuron. It was found that
spatially non-uniform patterns of these distributions occur
only if one of the following conditions held (i) an increase
in the intracellular concentration of cations conducting an
inward passive transmembrane current amplified the ac-
tive efflux of those cations by the pump and attenuated
their passive influx through the voltage dependent chan-
nels, with amplification of the efflux lower than attenua-
tion of the influx; (ii) molecules of mobile channels bore
a negative electrophoretic charge exposed to the intracel-
lular space and were subject to lateral electrodiffusion in
the membrane; (iii) the cations induced a further release of
cations from intracellular stores. Numerical simulation
studies of the membrane with Na and K channels and 
Na/K pumps with conditions (i) and (ii) have demonstrat-
ed the possibility of the creation of inhomogeneous pat-
terns in the neurites. These inhomogeneous patterns are
dissipative structures (DSs), and they can be spatially 
periodic.

Key words Neuron · Membrane · Self-organization · 
Dissipative structures · Resting membrane potential · 
Simulation

Introduction

The electrical behavior of neurons is manifested in changes
of transmembrane voltages and currents in the soma and
the neurites (Rall 1977; Bedlack et al. 1994). These electri-
cal phenomena are defined by spatially distributed electri-
cal conductances of the plasma membrane and the cyto-
plasm, and by electrochemical potentials of ions carrying
transmembrane and core currents. The inhomogeneous dis-
tributions of the ion channels, other membrane proteins,
and the intracellular concentration of ions, especially Ca2+,
are well-known (Chad and Eckert 1984; Hille 1992; 
Eun-hye Joe and Angelides 1993) but not well-understood.
Recently, the spatially inhomogeneous patchy distribution
of depolarization was demonstrated using optical methods
(Gogan et al. 1995). The authors suggested that these in-
homogeneous spatial patterns of depolarization were re-
lated to the operation of ionic channels in the membrane.

The aim of this work was to study the possible mecha-
nisms of formation and maintenance of coupled non-uni-
form steady longitudinal distributions of (i) the density of
open channels conducting an inward transmembrane cur-
rent of cations, (ii) the submembrane concentration of the
cations, and (iii) the resting transmembrane potential. We
studied a phenomenological model of a neuronal dendrite
composed of a membrane cylinder which separated con-
ductive extra- and intracellular media and was equipped
with the two kinds of channels conducting passive currents
and with one active counter-transport system. This model
had the following features. Although it is not clear what
proportion of each population of the membrane proteins is
mobile (Hille 1992; Peters 1981), one population here (the
channels of inward current) was totally mobile, whereas
the others (the channels of outward current and the pump
molecules) were immobile. Mobile channels bore electro-
phoretic charge (Cai and Jordan 1990; Becchetti et al.
1992). They were subject to voltage-dependent conforma-
tion transitions between open and closed states (Hille 1992)
and to lateral electrodiffusion in the membrane (Jaffe 1977;
Ryan et al. 1988; Cukierman 1991). Ions moved across the

Eur Biophys J (1997) 26: 337–348 © Springer-Verlag 1997

Received: 23 October 1996 / Accepted: 21 May 1997

L. P. Savtchenko · S. M. Korogod

Spatial electrical patterns in simulated neuronal dendrites

ARTICLE

L. P. Savtchenko (½)
Research Laboratory of Biophysics and Bioelectronics,
Dniepropetrovsk State University,
72 Gagarin Avenue, 320625 GSP Dniepropetrovsk, Ukraine

S. M. Korogod
Unité de Neurocybernétique Cellulaire,
280 Boulevard Sainte-Marguerite, F-13009 Marseille, France
(Fax: +33 4 91 26 20 38; e-mail: korogod@lnf2.cnrs-mrs.fr)



membrane passively, through open channels and actively,
being driven by the pumps. This led to local changes in
submembrane ion concentration. The latter was also
changed as the result of axial diffusion in a thin submem-
brane layer (Qian and Sejnowski 1989) and owing to ra-
dial fluxes of ion exchange with deeper layers of cytoplasm
or the stores (Henzi and MacDermott 1992).

We put forward the hypothesis that these inhomogene-
ous steady distributions of channels, ions, and voltages are
dissipative structures (DSs) resulting from diffusion driven
instability which are similar to well-known phenomena in
other non-linear systems far from thermodynamic equilib-
rium (Nicolis and Prigogine 1977). The necessary and suf-
ficient conditions for the instability were derived, and then
the necessary conditions for those were derived and bio-
logically interpreted.

Theory

1 Glossary

d – diameter of cylinder-shaped cell (µm).
l – length of cylinder-shaped cell (µm).
z, r – longitudinal and radial coordinate, respectively (µm).
t – time (ms).
Cm – specific membrane capacitance (µF/cm2).
De – lateral diffusivity of X-channels (µm2/ms).
DX – diffusivity of X-cations (µm2/ms).
e – density of X-channels in both conformational states per
unit length of membrane cylinder (µm–1).
σX – conductance of a single X-channel (pS).
GY – membrane conductivity in relation to the current of
Y-cations (mS/cm2).
GL – membrane conductivity in relation to the leak current
(mS/cm2).
F – Faraday’s constant (98 C/mmol).
R – gas constant (8.3 (mV C)/mmol °K)).
T – absolute temperature (300 °K).
β =RT/F – dimension scaling factor for potentials
(≈25 mV).
Jp(ψ, [X]i) – active (pump) current density (µA/β cm2).
JX (ψ, ρ, [X]i) – density of the passive current of X-cations
through open X-channels (µA/β cm2).
JL (ψ) – the leak current density (µA/β cm2).
JY (ψ) – density of the passive current of Y-cations
(µA/β cm2).
[Y]i , [Y]o – intra- and extracellular concentration of Y-cat-
ions ([Y]i >[Y]o) (mM).
Ne – electrophoretic charge of a single X-channel measured
in elementary charges (dimensionless).
P – the parameter that converts concentration to the mem-
brane potential (mM

–1).
PX – rate constant of X-cation exchange between the sub-
membrane and deeper layers of the cytoplasm (ms–1).
Rin – specific resistivity of cytoplasm (Ohm cm).
[X]i , [X]o – intra- and extracellular concentration of X-cat-
ions ([X]i <[X]o) (mM).

ψ – transmembrane potential (β).
ψL – equilibrium potential for the leak current (β).
Λ – conductivity of the ion pump system (mS/cm2).
χ – effective thickness of the submembrane layer of elec-
trolyte (µm).
ρ – density of open X-channels per unit length of the cy-
linder (µm–1).

2 The model

A cylinder-shaped cell with sealed ends and resistive-
capacitive membrane separating intra- and extracellular
electrolytes was considered with the following assump-
tions. Currents across the ion-selective membrane were
carried by cations of two sorts, X and Y, both passively and
actively. Passive currents (inward X and outward Y) passed
in the direction of the corresponding electrochemical gra-
dients. Active transport of the cations was driven by the
ion pump against the gradient at the expense of chemical
energy (Kotyk et al. 1988). X-cations crossed the mem-
brane through open X-channels. Voltage dependent confor-
mational transitions of X-channels changed their state from
closed to open and vice versa. Y-cations crossed the mem-
brane through open Y-channels. The latter were distributed
homogeneously along the cell and provided a uniform Y-
conductivity of the membrane. Active transport of X and
Y cations was considered as a chain of chemical reactions
of binding on one side and releasing on the opposite side
of the membrane (Lemieux et al. 1990). Translocations of
mobile X-channels over the cell surface was possible by
way of lateral diffusion and electrophoretic drift (Hille
1992; Singer 1975; Fromherz and Zimmermann 1995).

This model was described by the system of four uni-di-
mensional reaction-diffusion equations of four macro-
scopic variables: the transmembrane potential; the sub-
membrane concentration of X cations; the density of X-
channels in both open and closed states; and the density of
open X-channels. One dimension was sufficient since in a
long narrow cylindrical domain (d O l), any solution of the
reaction-diffusion system was shown to asymptotically
lose its transectional/circumferential dependence (Kurata
et al. 1989).

The first equation of the model was the non-linear cable
equation giving the relationship between local transmem-
brane potential and currents:

(1)

where the non linear source function Qψ included four
components of the transmembrane current:

The passive X-current (see Eq. (A.1.1) in Appendix 1 for
details) depended on the density of open X-channels ρ,
which was changed owing to voltage-dependent confor-
mational transitions. The kinetics of these transitions were
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described by the following equations:

(2)

where α =L+ exp[ψ (1–γ)] and β =L– exp(–ψ γ) are volt-
age-dependent rate constants; L+ and L– are the values of
the rate constants for ψ =0; and γ∈ [0, 1] is the dimension-
less parameter characterizing voltage dependence of the
forward and backward conformational transitions. Only
the activation kinetics for open-closed transitions were
considered because we focused on the phenomena occur-
ring under small deviations (±5 mV that is ∆ψ =±0.2) 
from the resting membrane potential (ψ =ψst). The transi-
tion kinetics of sodium channels of inward current in this
range of voltages (–40 to –60 mV) were dominated by ac-
tivation rather than by inactivation. In (2) we used the par-
tial time derivative of ρ because it also changed along z as
a result of lateral diffusion and drift of the channels in the
membrane. The electrodiffusion of the whole population
of mobile open and closed X-channels was described by
the Nernst-Plank equation (Fromherz and Zimmermann
1995):

(3)

The fourth dynamic variable [X]i changed owing to trans-
membrane transfer of X-cations, their axial diffusion in the
submembrane layer and exchange with the deeper cyto-
plasm. This was described by the following equation:

(4)

with the source function

(5)

The first term in (5) explicitly incorporates the contribu-
tors to the transfer of X across the membrane. They are the
pump current density 3Jp , defined by (A.1.2), extruding 
3 cations per cycle (as Na+-K + ATPase does, for example)
and the passive X-current density JX . However, the factor
of Jp can be other than 3 for other active transport mecha-
nism. The second term described ion exchange between
the submembrane layer and the bulk intracellular space.

3 Analysis of diffusion driven instability

In this section we show that the model generated the steady-
state non-uniform spatial distribution of the resting mem-
brane potential, density of channels and ion concentrations.

To analyze the model, we followed the approach of 
Turing (1952). First, we determined conditions of stabil-
ity of the system in relation to the spatially homogeneous
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perturbation, which were also the conditions of stability of
the point system (Murray 1989). Then we determined the
conditions of instability in relation to spatially inhomoge-
neous perturbations (the diffusional or Turing instability).
This allowed us to specify the model parameters for ob-
taining the illustrative numerical results.

We have shown that the necessary and sufficient con-
dition for the existence of DSs is the following inequality
(see the Appendex 2 for details):

Φ (k2) = −De k2(A k4 +B k2 +C) < 0 , (6)

where

A =Dψ DX m22 , B = −(Dψ A11 + DX A33 + DX est Ne m12 m24) ,

and

C =est Ne m24(m12m33–m13m32)+Det(M), Dψ=d/(4RinCm) ,

where k is the wave-number defining period of the spatial
pattern (k =πn/l, n is integer), mij are the linearization co-
efficients, and A11, A22 , and A33 are the minors of the ele-
ments m11, m22 , and m33, respectively (see Appendix 2).

Consider the conditions when (6) holds. Because Dψ >0,
DX >0 and m22 = ∂Qρ /∂ρ =−(α +β)<0 always hold, A is 
always negative. Because Dψ A11o DX A33 and Det (M)<0
the DSs do not occur if the following two conditions are
both false:

Dψ m22 m33 + DX est Ne m12 m24 < 0 , (7a)

est Ne m24(m12 m33 – m13 m32) > 0 , (7b)

since in this case (6) also does not hold.
Consider now the necessary conditions for (6). Since

m22<0, m12 = ∂Qψ /∂ρ = –JX /Cm ρst > 0 and m24 =α > 0 al-
ways hold, (7a) can only be true when at least one of 
the conditions m33 > 0 (the positive feed-back exists) 
or Ne<0 hold. The inequality m33>0 is true in the case 
when ∂Q3/∂[X]i > 0, which is possible when PX < 0 and/or
3 ∂Jp /∂[X]i < ∂JX /∂[X]i . Physiologically, ∂Jp /∂[X]i > 0 and
∂JX /∂[X]i <0. The condition PX <0 means that there is an
increase of submembrane concentration [X]i due to flux 
of X-cations from the deeper layers but not across the 
membrane. Putting the values of the linearization coeffi-
cients into (7b) gave the inequality:

∂JX /∂ρ [2∂Jp /∂[X]i − PX] < 0 .

Thus, the necessary condition (7b) holds only when the 
inequalities ∂Jp /∂[X]i >0 or PX <0 are true because of
∂JX /∂ρ <0.

Hence, on the basis of linear analysis of stability we
concluded that the existence of DSs was possible only when
at least one of the following conditions held:

(i) 3∂Jp /∂[X]i < – ∂JX /∂[X]i with ∂Jp /∂[X]i > 0 and 
∂JX /∂[X]i < 0 meaning that an increase in [X]i should acti-
vate the pumps and inhibit the channels, and the rate of the
pump activation should be lower than that of the channel
inhibition;
(ii) Ne <0, meaning that the molecule forming X-channels
should bear negative electrophoretic charge exposed to the
intracellular space;
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(iii) PX <0, meaning that X-cations induce the release of
further X-cations from intracellular stores (this was not the
case for the specific model under study, but it may hold in
other systems – see Discussion).

Thus, to answer the question about the possibility of the
creation of DSs, one should first check the above condi-
tions (i – iii). If none of them hold, then DS does not occur.
If at least one of them holds, then (7) should be checked.
If at least one of the conditions (7) holds, then (6) should
be checked to get the final answer.

The bifurcation value of the wave number was defined
as k2

b = –B/2A, with the parameters, A and B obeying the
equation B2 – 4AC = 0 obtained from (6). This resulted in:

Putting the linearization coefficients in this equality gave
the number of periods of the pattern

(8)

where Gm is the total membrane conductivity including 
X- and Y-conductivities, the leak conductivity GL and the
conductivity of the pump Λ. As followed from this for-
mula, the number of periods of DSs occurring in the cell
with mobile channels differed from that in the same cell

with immobile channels, . 

This new periodicity depended on the electrophoretic
charge Ne and the current IX of these channels. Depending
on negative or positive values of Ne the electrophoretic mo-
bility of the channels worked as a positive or negative feed-
back mechanism, respectively. The formation time of the
spatial pattern was much shorter than necessary for the
channel installation into or release from the plasma mem-
brane. In this case, the average density of X-channels, est ,
remained unchanged during the time of the pattern forma-
tion.

The linear analysis allowed us to obtain the sufficient
conditions (6) for creation of DSs in cylinder-shaped cells.
Because of the big differences between the diffusion coef-
ficients this analysis did not allow us to predict the spatial
forms of DSs. In this case the general solution usually in-
cluded many harmonics with different wave numbers. One
can estimate amplitudes and stability of the DSs only by
non-linear analysis.

Results

Computer simulations were performed to study the shape
of steady DSs far from equilibrium and to check the 
conditions for the creation of DSs, which were determined
using analytical methods. Numerical solutions of (1– 4)
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with sealed-end boundary conditions were obtained using
the Crank-Nicholson method (Peaceman and Rachford
1955).

For specific numerical examples, we considered Na+

and K + as X-type and Y-type cations, respectively. How-
ever, the suggested mechanism can involve other ion spe-
cies, provided that the above derived conditions of diffu-
sion driven instability are obeyed.

Λ was equal to 1 when the surface density of the pump
sites is about 500 µm–2 (Lemieux et al. 1990). When the
values of [X

–
]i = 5.4 mM and Λ– =1 µS/cm2 were fixed then

the current densities (A.1.4) measured in units of µA/cm2

(F/RT ) were Jp
0 = 0.121, Jp

–∞ = –0.01, and Jp
+∞ = 0.13 

(Lemieux et al. 1990) and the function describing concen-
tration dependence of the pump current was f ([X]i) =
(0.6×10–3) / (1– 3/[X]i + 5/[X]i

2).
The initial conditions consisted of small, uniformly dis-

tributed random perturbations of ψ, [X]i, e, ρ from their
steady-state values.

1 Bifurcation analysis

With the parameters listed in the Table 1 the pattern was
mainly determined by the conductivity of the pump Λ, and
by the electrophoretic charge of X-channels Ne . To study
the influence of local kinetics on pattern formation we com-
puted a family of plots of the Φ (k2) function as defined by
(6) for fixed Ne =0 and different values of Λ as the param-
eter (Fig. 1A). From these plots the bifurcation value
Λb =2.54 µS/cm2 corresponded to Φ (k2) =0. In these con-
ditions the pattern occurred with a single unstable mode
having the bifurcation wave number k = kb = 0.033 µm–1.
The pattern had the form of strata, the number of which
was n = l kb /π = 4 for l = 375 µm. For the super-critical
Λ = 2.6 >Λb a set of unstable modes with the wave num-
bers k in the range of 0.035 to 0.044 µm–1 occurred. For
sub-critical Λ = 2.5<Λb there were no unstable modes and
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Table 1 Parameters of the model

Symbol Value Source

l 375 µm
d 0.4 µm
χ 0.05 µm
est 300 µm–1 (Hille 1992)
σNa 14 pS (Sherman et al. 1990)
GK 0.02 mS/cm2

P 0.56 mM
–1 (Sherman et al. 1990)

GL 0.002 mS/cm2 (Jack et al. 1983)
ψL –2.1 (Jack et al. 1983)
Cm 1 µF/cm2 (Jack et al. 1983)
Rin 40 Ω · cm (Jack et al. 1983)
[Na+]o 150 mM

[K +]o 14 mM

[K +]i 114 mM

γ 0.1 (Hille 1992)
L+ 1.394 ms–1

L– 0.791 ms–1

PNa 0.5 s–1



the pattern was absent. Thus, by changing Λ some differ-
ent forms of the pattern formation were obtained.

Computations of Φ (k2) with Λ = 2.5<Λb and non-zero
Ne as parameters allowed us to estimate the contribution
of electrophoretic mobility of the channels to the pattern
formation (Fig. 1B). DSs emerged in the system with sub-
critical Λ when Ne exceeded the critical value of about –4.

2 Phase portrait

Conditions for pattern formation in the system were illus-
trated by the phase portrait of the latter in the vicinity of
the steady state. Consider a simpler case of Ne = 0 (elec-
trophoretically neutral channels) and Λ = 2.6 exceeding 
the bifurcation value Λb . In this case the conditions of
stability of the point system (A.2.5) held. The condi-
tions of diffusive instability also held when the in-
equality Dψ oDX oDe held (Dψ = 25 000, DX = 0.1, and 
De = 0.0001 µm2/ms). With Ne = 0 a set of only three 
equations ((1), (2), and (4)) remained for the analysis of
the local model. In this case the phase portrait of the point
system determined the kinetics of formation of DSs (Nico-
lis and Prigogine 1977). Figure 2 shows null-isoclines 
plotted in the planes ψ vs. [X]i (a), (b) and ψ vs. ρ (c). 
The point with the coordinates ψst = –2.057 (–51.43 mV),
ρst = 55 µm–1, and [X]st = 16.63 mM corresponded to the 
local steady-state of the system. This state was stable in
relation to fluctuations of ψ and ρ, as one can see from the
null-isoclines shown in Fig. 2c. This meant that the system
tended from an arbitrary initial state (ψ, ρ) to its station-

ary point. When ψ = const and ρ = const the fluctuations of
δ[X]i increased (Fig. 2b), i.e. in the phase plane ([X]i ,ψ)
the limit-cycle oscillations might occur in the neighbor-
hood of the local steady state. This is very important, since
the system in this case was unstable in relation to spatially
non-uniform perturbations. Thus, the system reacted in a
different way to fluctuations in different state variables.
Under some conditions, the DSs were created owing to ac-
cumulation of X-cations in the submembrane layer with-
out lateral electrodiffusion of the ion channels.

3 Super-critical pump conductance, 
electrophoretically neutral channels

Numerical computations of the model equations have
shown that when spatially inhomogeneous perturbations
of ψ, ρ, and [X]i were introduced as initial conditions then
the DSs were formed with the longitudinal profiles shown
in Fig. 3 and Fig. 4.

The initial condition played a role in determining
whether a specific pattern will emerge. We used small ran-
dom perturbations about the uniform steady state (white
noise) as the initial condition. In this case, all modes were
present, but only those corresponding to the unstable wave-
lengths band, were augmented. The mode with the mini-
mum Φ (k2) and maximum wave-length (see Fig. 1 for 
example) was the fastest growing and ultimately it domi-
nated in the steady state persisting inhomogeneous pattern.
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Fig. 1 Bifurcation diagrams of the free term of the characteristic
equation (6) Φ (k2) as a function of the wave number k and of the
two parameters Λ and Ne plotted for different values of Λ at fixed
Ne = 0 (a) and for different Ne at fixed Λ = 2.5 (b)

Fig. 2 Null-isoclines of the phase portrait of the model in the planes
ρ = ρst (a, b) and [X]i = [X]st (c). Q1 = 0, Q2 = 0 and Q3 = 0 are null-
isoclines of the rates of change in the transmembrane potential ψ,
the density of open channels ρ, and the ion concentration [X]i, re-
spectively, with steady state coordinates (ψst , ρst , [X]st). Part of (a)
within the dotted box is given in (b) on a larger scale



Figure 3 shows how the initial white noise perturbation
with all spectral modes (Fig. 3 a) transformed in the course
of the pattern formation. The non-linear system selected
the long-wave modes and by 200 ms the modes n =4 and
n =5 dominated (Fig. 3 b). Later the spectrum shifted to the
longest-wave range with dominating modes n =1 and n =4
(Fig. 3 c). In the final pattern a single dominating mode
with n =4 survived (Fig. 4). The spatial patterns for ψ and
ρ were nearly sinusoidal, whereas that for [X]i was in the
form of strata with rather sharp edges. The number of the
strata n =4 corresponded to that predicted by the bifurca-
tion analysis.

4 Sub-critical pump conductance, 
electrophoretically charged channels

When Λ =2.5 µS/cm2 was sub-critical the pattern could
still be formed if the channels bore some electrophoretic
charge. For the model parameters as above, the critical
value of Ne = –4 was found. The pattern generated for su-
per-critical electrophoretic charge Ne = –20 is shown in
Fig. 5. The pattern was different from that in Fig. 4 in sev-
eral respects. The coupled distributions of the field vari-
ables had three maxima in the same spatial domain. Spa-
tially periodic longitudinal distributions of e and ρ were
stratified with more sharp peaks of distributions of e.
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Fig. 3a–c Spatial distributions of the intracellular concentration 
of X-cations along the cylinder-shaped cell (left) and the correspond-
ing spatial Fourier spectra (right) at different time: a t = 0 ms, 
b t = 200 ms and c t = 500 ms. S is the normalized spatial power spec-
trum, and n is the number of the mode. The channels had no electro-
phoretic charge (Ne = 0). The bifurcation parameter Λ = 2.6 µS/cm2

was super-critical. Other parameters are given in the text and Table 1

Fig. 4 Inhomogeneous steady-state distributions of the transmem-
brane potential (a), the density of open X-channels (b) and the intra-
cellular concentration of X-cations (c) along the cylinder-shaped cell.
The parameters were the same as for Fig. 3

Fig. 5 Inhomogeneous steady-state distributions of the transmem-
brane potential (a), the densities of X-channels in only open (b) and
in both open and closed states (c), and the intracellular concentra-
tion of X-cations (d) along the cylinder-shaped cell. The channels
bore electrophoretic charge Ne = –20 exposed to the intracellular
space. Bifurcation parameter Λ = 2.5 µS/cm2 was sub-critical. Other
parameters are given in the text and Table 1



Corresponding peaks of ψ merged more smoothly into
each other, and those of [X]i were hardly seen. The results
of this experiment allowed us to notice that in the system
with cross-diffusion the DSs may occur without auto- or
cross-catalysis. In this respect, the model under investiga-
tion differed from those described by the system of para-
bolic equations without cross-diffusion where DSs were
created owing to either autocatalysis mii >0 (Nicolis and
Prigogine 1977) or cross-catalysis mij >0, i ≠ j or to both 
(Kerner and Osipov 1990; Savtchenko and Korogod 1994).

5 Super-critical pump conductance 
and electrophoretic charge of channels

When both Λ = 2.6 µS/cm2 and Ne = –20 were super-criti-
cal the DSs were created owing to both accumulation of X-
cations in the submembrane layer and lateral electrodiffu-
sion of X-channels. The pattern is shown in Fig. 6. Under
these conditions there were 11 peaks in the distributions,
which were nearly sinusoidal for ψ, ρ, and e, whereas [X]i
was distributed in strata with sharp edges (cf. Fig. 4).

6 Sub-critical pump conductance 
and electrophoretic charge of channels

With Λ = 2.5 µS/cm2 and Ne = 0 neither of the necessary
conditions of the necessary and sufficient conditions for
the pattern formation were obeyed. In this case, the initial
spatially non-uniform perturbations relaxed in time, and
the system tended to its spatially uniform state (not illus-
trated).

Discussion

1 Justification of the model and the parameters

Statement of the problem of simulation studies of self-or-
ganization phenomena in the neuron is justified by some
prerequisites for the formation of DSs in these cells. These
prerequisites are similar to those found in other non-linear
systems: the neuronal membrane is an open physical and
chemical system involved in substance and energy ex-
change with the environment (Hille 1992); there is a dis-
sipation of chemical energy of active transmembrane trans-
port, and it is used for maintenance of non-equilibrium
steady distribution of the ions between intra- and extracel-
lular media; there is a possibility of spatial redistribution
of the main components of the system, namely the ions and
the channels, due to electrodiffusion of the ions in the sub-
membrane layers (Qian and Sejnowski 1989) and lateral
diffusion of the channels in the fluid mosaic membrane 
(Singer 1975), respectively.

Our model includes three longitudinal “field” variables,
the transmembrane voltage, the density of electrophoreti-
cally charged channels of inward current and the submem-
brane concentration of cations carrying this current. These
three variables are electrically coupled but they are rather
different in their rates of spatial relaxation. In this model,
we observed some spatial patterns of the channels similar
to those obtained by Fromherz (Fromherz and Zimmer-
mann 1995) in two field variables, the channel density and
the potential. Fromherz’s model did not include kinetics of
open-closed voltage-gated transitions of ion channels and
changes in the ion concentration. The assumption that all
ion channels have only one conformational state critically
influences the condition of creation of DSs, as the bifur-
cation value of electrophoretic charge must be much
greater than that in our model with conformational transi-
tions.

According to our estimations, the spatial pattern could
be developed on the time scale of 10 – 100 min. Spatial per-
turbations of voltage relax most rapidly, and therefore can-
not be the major reason for patterning even if the voltage
is a local activation variable. Perturbations of the local ion
concentration and the density of the channels are more suit-
able candidates. The emphasis should be put on the cur-
rents which produce sufficient changes in the ion concen-
trations. Naturally, they are inward currents bringing ions
into the restricted volume of intracellular space, rather than
outward currents to the bulk of extracellular media of un-
myelinated neuronal processes. The effect is more pro-
nounced when in the restricted intracellular volume the
concentration of ions conducting inward current is much
lower than the extracellular concentration. This is the case
in the neuron, where the inward current is conducted by
Na+, and the outward one by K +. Consequently, the acti-
vation kinetics of the latter are not described in detail, and
changes in [K]o are not taken into account. For the chan-
nels considered here, the densities are important model pa-
rameters. They are chosen from the estimates given on
pp 329 – 331 of Hille (1992).
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2 Mechanisms of pattern formation 
in different conditions

The necessary conditions of the necessary and sufficient
conditions (6) for the pattern formation were obtained from
the linear analysis and confirmed further by the results of
corresponding numerical computations performed with the
complete non-linear model. On the basis of the results
shown in Figs. 1 – 6 we suggest the following mechanisms
for pattern formation in the cylinder-shaped neuronal pro-
cess under different conditions.

A Intracellular ion electrodiffusion as leading process

When the channels are electrophoretically neural (Ne =0)
then their lateral electrodiffusion does not participate in
formation of the pattern shown in Fig. 4, and the density
of channels e remains uniformly distributed over the neu-
rite (not shown). Consider a depolarizing fluctuation of the
local voltage. This activates X-channels and increases the
influx of X-cations and [X]i . Such an increase may switch
on a positive feed-back mechanism which is critical for
creation of DSs. If extrusion of X-cations by the pump
under these conditions is not sufficient to overcome pas-
sive inflow through the increasing number of open X-chan-
nels then [X]i increases further. All other positive feed-
back mechanisms corresponding to positive terms in (7)
are not critical for creation of DSs.

When the local concentration of X-cations is increased,
then the negative feed-back mechanisms corresponding to
negative terms in (7) are switched on. Electrodiffusion of
the ions is the only critical negative feed-back for creation
of DSs. Thus, the coupled non-uniform distribution of the
density of open channels and of the submembrane ion con-
centration can create conditions sufficient for maintenance
of an inhomogeneous distribution of the membrane poten-
tial at the expense of potential- and concentration-depen-
dent energy dissipation in active ion transport systems.

We considered sodium as the ion conducting inward 
X-current, that determined the positive value of PX . How-
ever, PX can be negative in other cases, e. g. when the 
X-ion is calcium. Negativity of PX corresponds to Ca +2-
induced release of Ca +2 from the intracellular stores (Tsien
and Tsien 1990) leading to a further increase in the local
hyperpolarization of the plasma membrane.

B Lateral electrodiffusion of channels 
as leading process

Consider local depolarization occurring as a result of fluc-
tuation. This also turns on several feed-back mechanisms.
If X-channels have negative electrophoretic charge (Ne <0),
then they drift to the depolarization zone and thus contrib-
ute to an increase in the local density of the channels in
both conformational states. The inward current through the
increasing number of open channels further depolarizes 
the membrane. This local positive feed-back is critical for

creation of DSs. Another important but not critical posi-
tive feed-back is due to opening (activation) of the closed
channels by increasing local depolarization. In these con-
ditions, intracellular current flowing away from the depo-
larization zone tends to relax the longitudinal potential gra-
dient and serves as a critically important spatial negative
feed-back. Another important but not critical negative
feed-back is thermal lateral diffusion of the channels.
There is a competition between the mentioned positive and
negative feed back mechanisms influencing the spatial pat-
tern of the transmembrane potential. Creation of DSs is de-
termined by the interplay between the critical competitors.

C Cumulative effects

If only one critical positive feed-back mechanism partici-
pates in formation of DSs, then the scenario of the self-or-
ganization process is determined exclusively by the intrin-
sic parameters of the system. If two positive feed-back
mechanisms are critical, then the sequence of switching on
these mechanisms is important for creation of DSs in ad-
dition to the intrinsic parameters. In this study, both criti-
cal positive feed-back mechanisms of self-organization
were switched on simultaneously and the features of the
pattern formation were determined by a significant differ-
ence in the diffusion coefficients of the channels and the
ions. The diffusivity of the ions in the submembrane layer
is about 1000 times greater than that of the channels in the
membrane matrix; hence during the first 100 s the forma-
tion of the DSs was performed practically by the scenario
described in section B. The DS formed in 100 s was simi-
lar to that shown in Fig. 4. However, this structure was not
finally stabilized and continued to slowly deform as the re-
sult of electrodiffusion of the channels. The channels car-
rying the intracellularly exposed negative electrophoretic
charge moved to the depolarization zones, thus increasing
the local inward current and the depolarization. As a result
of this the new DS occurred during more than 60 min with
a greater amplitude and a shorter spatial period than in the
two previous cases (sections A and B).

3 Model assumptions and their influence 
on pattern formation

Although it is disputable which proportion of each popu-
lation of the membrane proteins is mobile (Hille 1992; Pe-
ters 1981), one population here (the channels of inward
current) is totally mobile, whereas others (the channels of
outward current and the pump molecules) are immobile.
For the pattern formation this assumption is not critical,
but it does put restrictions on possible spatial dynamics and
pattern of ion channels. For the pattern formation the most
important is the sign of the product Ne IX [see Eq. (8)] 
defining the feed-back mechanism. If Ne IX >0 then the
electrophoretic mobility plays the role of the positive feed-
back and vice versa. Consider, for example, the case when
both kinds of the channels, X =Na+ and Y =K +, are mobile.
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An inward current through Na-channels and an outward
current through K-channels induce positive and negative
local perturbation of the membrane potential, respectively.
If both kinds of channels bear the same electrophoretic
charge, Ne <0 and have the same diffusion coefficient, 
De , then Na-channels are attracted and K-channel are re-
pulsed by other Na- and K-channels, because Ne INa >0 and
Ne IK <0 due to the electrical field. In this case the final co-
herent pattern is defined by a competition between spatial
dynamics of these kinds of channels.

Another assumption of the model is the initial condi-
tion, which is known to play a role in determining whether
a specific pattern will emerge (Murray 1989). If the initial
condition is random perturbation about the uniform steady
state (white noise) in which all modes are present, then the
final pattern is defined by intrinsic properties of the non-
linear system. The modes are amplified or suppressed de-
pending on whether or not they are in the unstable band of
wavelengths as determined by the system parameters. We
have chosen this type of initial condition since we are inter-
ested in the intrinsic potency of the neuronal dendrites for
the pattern formation. However, the pattern formation is
also possible when the perturbation from the uniform
steady state is initiated at one end of the dendritic cylin-
der, as in the case of the action potential generated at the
soma. In this case, the spatial pattern develops from there,
eventually spreading throughout the whole domain. If the
domain of the initial perturbation is so small that its wave-
lengths are short and do not belong to the unstable band,
then the final pattern contains the smallest wavelength.
Thus, the specific pattern that evolves for a given mecha-
nism depends on how the instability is initiated.

4 Neurobiological consequences

Computer simulation studies provide a useful complemen-
tary tool for studies of non-uniform spatial distributions of
ions, channels, and voltages over the neurons. Direct stud-
ies of these distributions in natural experiments meet both
methodological and technical difficulties (for reviews see
e.g. Johnston et al. 1996; Yuste and Tank 1996). Investi-
gation of spatial voltage patterns with microelectrodes and
voltage-sensitive dyes is complicated by the facts that mi-
croelectrode recordings provide space integral (superposi-
tion) of voltage from many sources of unknown distribu-
tion, and the recently available optical recordings provide
a mosaic of time integrals over patches of the cellular mem-
brane unevenly oriented in relation to the recording device.
Lateral distribution of channels can only be studied when
they are labeled with marker-molecules, therefore one
needs evidence that the marker does not change the behav-
ior of the channels. Optical imaging of intracellular ion
concentration profiles is complicated by the problem of
mutual distribution and interaction of the ions and the ion-
sensitive dye. Despite the difficulty of direct correspon-
dence between the natural and computer experiments, 
several important physiological aspects of our simulation
results must be stressed.

First, the maintained non-uniform distribution of the
membrane potential and the local ion concentrations can
be a factor which controls the state (and probably weight)
of synapses located on the membrane through spatial mod-
ulation of the electrochemical potential of the ions. The
postsynaptic effect of the same presynaptic intensity may
be different depending on the location of the synapse at the
site of the maximum or minimum of the distributions. This
spatial modulation is dynamic and may therefore be a ba-
sis of postsynaptic plasticity in morphologically static pre-
synaptic arrangement.

Second, the inhomogeneous lateral distributions of the
ion channels, especially with the sharp-edge strata allows
one to consider them as an example of spatially periodic
“hot spots” (Bacskai et al. 1995; Shaw et al. 1994). An im-
portant conclusion is that these ultrastructural phenomena
may occur as a result of self-organization phenomena
within the population of mobile channels, rather than as
genetically pre-programmed positioning. Long lasting
self-maintenance of this arrangement of the membrane pro-
teins may be sufficient for chemical reactions of their an-
choring to the cytoskeleton. Recent studies gave evidence
of inhomogeneous distribution of the specific membrane
resistance, Rm , over the neuron with lower values for the
soma and greater values for the dendrites (Pongracz et al.
1991). Moreover, Rm (and hence its reciprocal, the specific
membrane conductance, Gm) may vary smoothly along the
dendrites or may be subject to sharp local changes, form-
ing so-called “hot spots” (Bacskai et al. 1995), which are
the sites of local increase of the membrane conductance.
Since the total membrane conductance is the sum of 
conductances of single ion channels, it is worthwhile to 
analyze mechanisms of inhomogeneous distribution of
Rm =1/Gm in terms of distribution and redistribution of the
channels (Llinas 1988). This analysis may also elucidate
mechanisms of inhomogeneous distribution of intracellu-
lar cations and lead to revision of a common view on ho-
mogeneity of the resting transmembrane potential.

Third, inhomogeneous distribution of dendritic conduc-
tances provided by the channels is thought to have conse-
quences for the temporal pattern of dendritic integration
and output response, although the specific role of active
conductances found throughout the dendritic trees (e.g. in
pyramidal cells of the hippocampus and neocortex and Pur-
kinje cells of the cerebellum) “remains a mystery”, as con-
cluded in the review by Yuste and Tank (1996). As follows
from concentration imaging with the Na+ and Ca2+ sensi-
tive dyes and from patch-clamping experiments, there is
inhomogeneous distribution of influx of these ions between
the soma and the dendrites, and over the dendrites (Lav-
Ram et al. 1992; Jaffe et al. 1992; Stuart et al. 1993; Sprus-
ton et al. 1995; Magee and Johnston 1995). One cannot
conclude whether or not the dendritic distribution of the
conductances is patterned. However, the authors often dis-
cuss the consequences of the channel density for forward
and backward propagation of action potentials in the den-
drites. One can assume, that as a consequence of band-like
condensation of mobile sodium channels due to mecha-
nisms suggested in this paper, the active properties of the
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dendrites can change from weakly regenerative to more
strongly regenerative (Johnston et al. 1996). Extension of
these insights to the calcium channel population can offer
a possible explanation for clustering of Ca2+ channels
within the area of membrane containing active calcium
conductances which could give rise to punktate Ca2+

(Lankaster and Zuker 1994).
Last, maintained non-uniform distribution of the sur-

face density of ion channels (and probably other receptor
membrane proteins) can underlie morphogenetic events
(e. g. shaping, process outgrowth etc.). The crucial point is
that these distributions, being DSs, depend on the intrinsic
system parameters (process diameter, mean channel den-
sity, the length and time constants etc.), but not on exter-
nal influences.
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Appendix 1

The model used in the work has the following form.
Expressions for passive currents of X and Y cations were

(A.1.1)

and

(A.1.2)

respectively. Equations (A.1.1) and (A.1.2) were written
on the basis of the theory of constant field (Goldman 1943).

The leak current was a function of the transmembrane
potential:

JL (ψ) = GL (ψ – ψL) . (A.1.3)

The pump current or active transport of X cations against
their electrochemical gradient was described as follows:

(A.1.4)

where f ([X]i) is the function describing the dependence 
of the pump current on [X]i . This function is characterized
by a curve with maxima, such that the pump extrusion is
absent when [X]i is zero (Garrahan and Garay 1974). 
This behavior was described as follows: f ([X]i) =
a/ (b+c /[X]i +d /[X]i

2) which is similar to the equation for
the of kinetics of enzyme-substrate reactions. Equation
(A.1.4) was that derived in Lemieux et al. (1990) using the
method of King and Altman. The limiting equations,
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allowed us to define the parameters of (A.1.4) as follows:

where Λ– and [X
–

]i are constants. The pump current, 
Jp (ψ, [X]i) was considered as electrogenic with extrusion
of three X ions and uptake of two Y ions in each cycle.

Appendix 2

The basic equations (1– 5) were re-written in the unified
form:

(A.2.1)

where x1 =ψ, x2 =ρ, x3 =[X]i , x4 =e; Q1 =Qψ , Q2 =Qρ ,
Q3 =QX, Q4 =Qe ; D1 =Dψ =d/(4RinCm), D2 =0, D3 =DX ,
D4 =De . For Eqs. (A.2.1) the “sealed-end” boundary con-
ditions were used:

(A.2.2)

Consider the behavior of xj described by (A.2.1) and
(A.2.2) about the uniform steady state xst , the coordinates
of which (ψst , ρst , [X]st , est) were determined from the fol-
lowing equations: Qj =0, j =1, 2, 3, 4.

Equations (A.2.1) linearized in the neighborhood of the
steady state can be re-written in terms of small deviations
yj =xj – xst :

(A.2.3a)

(A.2.3b)

In Eqs. (A.2.3), the second and the higher order terms were
omitted, and the linearization coefficients were:

From (2 – 4) and (5) the derivatives in the formulae of 
linearization coefficients were determined on the basis of
the assumed models of the sources as follows:
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The boundary conditions (A.2.2) remained the same. We
searched for a solution of the linearized problem in the
form of yj =Aj exp(ωt + ikz). The characteristic equation
for the system (A.2.3) in the neighborhood of the steady
state was:

(A.2.4)

where k is the wave-number defining spatial period of the
solution.

Values of ω defined the behavior of the system (its
movement in the phase space) and the condition of stabil-
ity about the steady state. According to the second Lapu-
nov method (asymptotic stability theorem), the point
model was stable in relation to small perturbations, if there
was no roots with Re (ω)>0 of the point characteristic equa-
tion obtained from (A.2.3) with Dj = 0, j =1, 3, 4 (Nicolis
and Prigogine 1977). In this case the characteristic equa-
tion of the point system was:

Det |M – Iω| = 0 ,

where M is the three-dimensional matrix of the elements
mij, i, j =1, 2, 3; and I is the unit matrix. According to the
Routh-Hurwitz criterion (Korn and Korn 1968) the point
system is stable when the following conditions held:

Tr (M) = m11+ m22 + m33 + m44 < 0 , (A.2.5a)

Det (M) < 0 , (A.2.5b)

–Tr (M) (A11+ A22 + A33) + Det (M) > 0 , (A.2.5c)

where

are the minors of the elements m11, m22 and m33 , respec-
tively. These necessary and sufficient conditions defined
the parametric domain within which the combined point
equations had no infinitely increasing solutions. In this case
the suggested model of sources was physically realizable.

We have determined the conditions when the original
system (at Dj ≠ 0) with physically realizable spatially dis-
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tributed kinetics was unstable in relation to spatially non-
uniform perturbations. If the solution of the spatially 
distributed system was unstable in the neighborhood of a
singular point, then at least one value of ω existed with
Re (ω)>0. If the characteristic equation had an even num-
ber of the roots with Re (ω)>0, then the instability was os-
cillatory and led to the occurrence of so-called dynamical
DSs in the form of auto-oscillations (Kerner and Osipov
1990). The Turing instability leading to creation of steady
DSs corresponded to an odd number of such roots.

From the Routh-Hurwitz criterion of stability of linear
systems (Korn and Korn 1968) it followed that the neces-
sary and sufficient condition for the existence of DSs was
the negativity of free term of characteristic equation
(A.2.4):

Φ (k2) = –De k2 (A k4 + B k2 + C) < 0 , (A.2.6)

where

A = Dψ DX m22 , B = – (Dψ A11+DX A33+DX est Ne m12 m24) ,

and

C = est Ne m24 (m12 m33 – m13 m32) + Det (M) .

Thus, we have found the necessary and sufficient con-
ditions of creation of DSs in the model under study.
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